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^ l' Abstract 

We demonstrate that in A'^ = 8 supersymmetric mechanics with hnear and nonlinear chiral su- 
permuhiplets one may duahze two auxihary fields into physical ones in such a way that the bosonic 
manifold will be a hyper-Kahler one. The key point of our construction is about different dualiza- 
ky( \ tions of the two auxiliary components. One of them is turned into a physical one in the standard 

'%_] . way through its replacement by the total time derivative of some physical field. The other auxiliary 

C^ ' field which obeys the condition 9t(lm^ + ImS) = is dualized through a Lagrange multiplier. We 

clarify this choice of dualization by presenting the analogy with a three-dimensional case. 



^ 



1 Introduction 

One of the most interesting features of supersymmetric sigma-models is the interplay between the number 
of supersymnietries and the geometry of the bosonic sector. The following well known results concern 
D — A sigma models: the geometry of the bosonic sector should be Kahler in the A^ = 1 case fTl and 
hyper-Kahler for N — 2 (rigid) supersymmetry [2]. The independent consideration oi D = 1 sigma models 
reveals other bosonic target geometries: HKT (hyper-Kahler with torsion) for A^ = 4 supersymmetric 
theories with four physical bosons and OKT (octonionic-Kahler with torsion) for A^ = 8 ones in the 
case of eight physical bosonic fields [S]- Moreover, the detailed analysis of the general components and 
superfield actions for TV = 4, 8 cases with different numbers of physical bosonic degrees of freedom shows 
that only conformally flat geometries with additional restrictions on the metrics of bosonic manifolds 
may arise |3]-|HI- Of course, one may perform the direct reduction in terms of the components from, say 
N = 2, D = A sigma model to D = 1 and obtain a hyper-Kahler sigma model with N = 8 supersymmetry, 
but the question still persists: what is wrong (incomplete) with the standard components and superfields 
approaches in D = 1? Or, in other words, why do only conformally flat metrics show up? In pi llUlITT] 
this question has been answered for N — A,D — 1 sigma-models, proving that only essentially nonlinear 
supermultiplets give rise to bosonic geometries, different from conformally flat ones. Roughly speaking, 
the superfield constraints defining the N — A,D = 1 off-shell supermultiplets contain arbitrary functions 
which play an essential role and enter the metrics of bosonic manifolds. With such constraints the 
simplest "free" superfield Lagrangian describes the hyper-Kahler sigma model in its bosonic target space. 
Clearly enough, more general Lagrangians would exhibit a more general geometry in the bosonic sector, 
generalizing the hyper-Kahler one. 

This situation, which seems to be more or less natural in the case of A^ = 4, 13 = 1 supersymmetry 
looks a little bit puzzling when applied to the case of A^ = 8 supersymmetry in 13 = 1.^ Indeed, 
N = A,D = 1 supersymmetry corresponds to N = 1 va D = A and therefore the natural constraints on 
the bosonic sigma models are Kahler ones. The appearance of hyper-Kahler geometries in A^ = 4, Z3 = 1 
sigma models is related to further additional constraints on the theory ("free" superfield Lagrangians). 
When we turn to the N = 8 case the situation changes drastically: supersymmetry imposes much 
stronger constraints on the metrics of the bosonic manifolds and no apparent reasons exist to expect 
an additional functional freedom in the N ^ 8 supermultiplets. So, how may supersymmetric sigma 
models with non-conformally flat metrics arise in a such situation? In the present paper we will partially 
answer this question. We will consider N = 8 linear and nonlinear (2, 8, 6) supermultiplets^ 13 and 
demonstrate that after proper dualization of two auxiliary bosonic components into physical ones, the 
resulting bosonic sigma model is of the hyper-Kahler type. Performing dualization we essentially use 
the equations of motion and constraints for auxiliary components to turn them into physical ones. As a 
result, no new functions appear in the action besides the metric of the bosonic manifold. Our approach 
is reminiscent of duality transformations between a gauge vector field and a scalar in Z3 = 3. In order 
to simplify the presentation, almost everywhere in this paper we neglect fermionic terms which may be 
easily restored, if needed. 

2 N=8 linear chiral supermultiplet 

We start with the linear case and show how to dualize the A^ = 8 linear chiral multiplet (LCM) into a 
new one which possesses a hyper-Kahler sigma model in its bosonic sector. 

The simplest way to describe the A^ = 8 LCM is to introduce a complex bosonic superfield Z obeying 
the constraints ^31 

D°Z = 0, V"Z = 0, (2.1) 

^"D^Z + V'^D^'Z = 0. (2.2) 

Here, the covariant spinor derivatives D"", Da, V", Vq are defined in A^ = 8, d = 1 superspace R*^^'*^ 

M(i|«) = (i, 0a, ^\^a,t^''), I^=r, piy^ij", a, 6, a,/? =1,2 (2.3) 



^For pedagogical introductions to this subject the reader is invited to consult e.g. |12| . 

^We use the notation (n,N,N-n) to describe a supermultiplet with n physical bosons, A^ fermions and N — n auxiliary 



bosons. 



by 

aua oO'^ 

Being (anti)chiral, the superfields Z, Z contain 16 bosonic and 16 fermionic components. Let us define 
these components as fellows'^: 

Bosonic components Fermionic components 

^a = -DaZ, 

(2.5) 



z = Z, 




z = Z, 


tpa = DaZ, 


'ipa = -DaZ, 


A = -iWZ, 




A = -iD^Z, 


Co = v„z, 


C"„ - -V„Z, 


B = -iWZ, 




B = -zV^Z, 


Ta = L'^VaZ, 


fa = i?2V„Z, 


yaa ^ /Jaya 


z, 


yao. = -D-^V^Z, 


aa = V^DaZ, 


aa = V^DaZ, 


X = Wv^z 




X = D^V^Z 







where the right hand side of each expression is supposed to be taken with 6 = i) — 0. 

Now it is time to consider the constraints H2.2(l . Besides the evident reahty condition on the ¥"■" 

yaa ^ Y"", (2.6) 

they put the following restriction on the higher components of the superfield Z: 

X = 16z, r" = -4it, o"" = -4^", (2.7) 

|(A-i?)=0. (2.8) 

The equations H2.7|l express the higher bosonic components X, X and fermionic ones t" , f" , cr" , Jr" in 
terms of physical bosons and fermions. For the auxiliary bosons A, B we have the differential equation 
(|2.8|l which reduces the number of independent auxiliary fields to six, and therefore our linear supermul- 
tiplet is just the (2, 8, 6) one. 

The most general A^ = 8 sigma-model type action in A^ = 8 superspace reads |^2 E] ^ 



5 = (dtSeSd T{Z) + [dtSeS^ T{Z) . 



(2.9) 



Here T(Z) and TiZ) are arbitrary holomorphic functions depending only on Z and Z, respectively. Now 
we may go to components. In what follows we will be interested only in the bosonic sector of our theory. 
So, discarding all fermions we will finish with the following component action: 

^bos = - — Mi F'X + T'X - F" (^y^-Yaa + AB) - F" {2Y''''Yaa + AB) . (2.10) 

On-shell the component F"" turns out to be zero in the bosonic limit, so we are left with the following 
action: 

'^ \f"AB + F"AB - F'X - F'X 



Sbos ^ Tc I '^^ 



(2.11) 



where the components A and B satisfy (|2.8|l while the higher components X, X are defined in H2.7() . 

Now one should decide what to do with the constraints (|2.8|l . The simplest possibility is to solve these 
constraints as [ni[T3] 

In this case the supermultiplet will be indeed (2,8,6). Another possibility is to plug these constraints 
into the action H2.11|l using Lagrange multipliers. Varying over the auxiliary fields we can express them 
through time derivatives of the Lagrangian multipliers. Thus, the corresponding theory contains four 

^AU implicit summations go from "up-left" to "down-right", e.g., i/'V' = 4'^'4'it V"^ = '/''V'ii ^tc. 
"We use the convention / d^e = jD^Di, J dPS = \DiTf . 



physical bosons (Z^Z and a complex Lagrange multiplier). One may check that the resulting action 
describes a conformally flat four-dimensional bosonic sigma-model |15l [TC| . 

It is quite unexpected that there is a third way to deal with the constraints H2.8|) . First, we rewrite 
them as follows: 

d 

— (ReA-ReS) = 0, (2.12) 

d 

— (lmv4+ImB) = 0. (2.13) 
at 

Then, one may check that under N ~ 8 supersymmetry Re A and Re B transform in the same way 

SRe A = SReB = -2^ (e'^^, - e^V^, - £"^"„ + e'^Q (2.14) 

so that we can solve the constraint (|2.12l) by dualizing Re A and Re B into the same physical field 

Re A = Re 5 = 4$, 5$ = - i (e"^a - e^i/i, - e^C'c + e"^a) ■ (2.15) 

Finally, we insert the second constraint (|2.13|) into the action (|2.11|) with the Lagrange multiplier y. With 
this identification the bosonic action acquires the following form: 



S^ dt 



r"\/A2 --^ 1 ,„,/ — /,s_ ._ „ I 



[F" + F")($^ + zi) - —IF" + F")lmAlmB + - (F" - F")$(lm A + ImB) 
16 4 

■f -ydt{ImA+ ImB) 



(2.16) 



Eliminating the fields 1mA, ImB via their equations of motion allows us to represent the action in the 
Gibbons-Hawking form with two isometrics 



S ^ dt 



9 
g = F" + F", $ = (z,z,$), A ^ {0,0, -i{F" ~F")). (2.17) 

The metric g and the vector A satisfy 

Ag = 0, VxA = Vg. 

Thus, we see that the action (|2.17|) describes a four-dimensional hyper-Kahler sigma model with 
N = 8 supersymmetry (provided we restore the fermionic terms). The key step in our construction is 
a different treatment of the constraints (|2.12|) and H2.13|l . One may wonder why we have to dualize our 
auxiliary components into physical ones in this way? The proper explanation has a three-dimensional 
origin. In Z? = 3 the analog of the constraints (|2.12() and H2.13|l has the following form: 

dacReAl + dbc'ReAl=0, (2.18) 

aablmA"^ = 0. (2.19) 

The constraint (|2.18() is a Bianchi identity, allowing one to express Re Aab in terms of a new scalar field 
$ : Re Aab — dab^, whereas the constraint (|2.19() is a Bianchi identity, establishing that Im Aab is a field 
strength. Clearly enough, in order to have two scalars, one should solve the first constraint and dualize 
the second one. This is just the way we treated these constraints here. Instead, if we were to dualize 
both constraints, we would have, once again, a field strength and a scalar, rather than the two additional 
scalars which we need for the hyper-Kahler geometry. 

3 N=8 nonlinear chiral supermultiplet 

The TV = 8 nonlinear chiral supermultiplet (NCM) was introduced in 17 . This supermultiplet, similarly 
to the LCM one, has a natural description in iV = 8, d = 1 superspace H2.3|l . We again consider a complex 
bosonic superfield Z, but now we impose the modified constraints 

D^Z = -ZD°-Z , V"Z = -ZV"Z, (3.1) 

V'^D'^Z + VD^Z = 0. (3.2) 



We may see now that the NCM obeys a nonhnear deformation of the chirahty conditions H^llfl , while the 
reahty constraint (|3.2|) is the same as in the hnear case. 

Usually, when dealing with nonlinear supermultiplets it appears a problem of construction for the 
proper action. However, for the NCM the most general sigma- model type action has the same form p. 9(1 . 
One may check that despite the nonlinearity of the constraints, the action 1)2. 9|l is still invariant with 
respect to the full TV = 8 supersymmetry [T7) . 

The component structure of the N = 8 superfield Z, imphed by (|3.1I) . H3.2|l . is a bit involved, in 
comparison with the A^ = 8 LCM case. In order to define it, let us firstly consider the constraints 
H3.1|l . In contrast to the LCM case, now the derivatives Z?" and V" of the superfield Z (or Z?", V" 
of Z) are not equal to zero. Nevertheless, they do not generate new independent components because, 
as it immediately follows from l|3.1|l . they can be expressed as D°-, V" (or D"^, V") derivatives of the 
same superfield. Therefore, as in the case of the LCM, only the components appearing in the O"',^" 
expansion of Z and the 0", i?" expansion of the Z superfield are independent. Consequently, as a solution 
to the constraints (|3.1() we have 16 bosonic and 16 fermionic components in the NCM which we define as 
previously 1)2. 5() . 

The role of the constraints (|3.2I) is to further reduce the number of independent components in the 
NCM. One may check that the superfield constraints H3.2I) encompass the following component ones: 

-yaa -yraa 

X = 16z-4:dtizA + zB-iijj^ -i^)+z{4Y''°'Yaa + 2AB -zX) 
-2i [Bi,^ + A^ + AiCi^'^Yao, + 2iz{^''aa + T^a)] , 
4A-4B = [AB + 2(ti^''aa+Cfc.)-zX]-[AB-2{ij''<Ja+Cra)-zX], 

a"" = -Aii'" - (2r''"f„ + a^z - iB^f) . (3.3) 

Thus we see that y°" is still real, the components X, r",(T° are expressed in terms of others, and the 
complex bosonic components A and B obey some nonlinear differential constraints. Thus now, before 
any dualization, our NCM is a (2, 8, 6) supermultiplet. 

What is really important is that the transformation properties of Re A and Re B are exactly the same 
as in the linear case 

<5Re A = 5KeB = -2^ (e"i/;, - e"V^, - e"e« + e^^a) , (3.4) 

while the imaginary parts of A and B get nonlinearities in their transformation laws. 

For simplicity of the presentation, we will discard, once again, all fermionic terms and consider only 
the bosonic sector of the theory. The bosonic part of the action 1)2. 9|l has the same form (|2.10)) . On-shell 
the component Y°'°' turns out to be still zero in bosonic limit, and we are left with the action 



Sbos ~ TF I ^^ 



F"AB + F"AB ~ F'X - F'X 



(3.5) 



where the components A and B satisfy 

5t (Re A - Re B) == 0, __ _ (a) 

Aidt {lmA + lmB)^AB~AB-zX + zX. (b) ^ ' 

while the higher component X is defined in (|3.3|) . 

Our strategy is to dualize the auxiliary fields into physical ones. The first step is evident: owing to 
(|3.6b ') and (|3.4|) , one may turn the real parts of A and B into a physical boson 

ReA = ReB = ^. (3.7) 

Having this identification, one may rewrite the constraint H3.6b ) as 



d 
di 



e 2 ({1 + zz){lmA+ImB) - 4:i{zz- zz)j 



0. (3.8) 



In full analogy with the LCM case, one should incorporate this equation in the action H3.5|l 

= I dt[ — F"AB + — F"AB - — F'X - — F'X- 
16 16 16 16 



4^* 



-*/2 



{1 + zz){lmA + ImB) ~ 4:i{zz~ zzYj |, 



(3.9) 



where the highest component X of the superfield Z is defined from (|3.3() as 

(1 - z^z^)X = 16(1 - z^z) + 2z(l - zz)$2 - 8z$(l - zz) ~ 8$(z - z^z) - 2z(l - zz)lmAlmB 

+4iz(l + zz){lmA+ ImB) - 2i{lmA + ImB) (z{l + zz)<^ - 2{z + z^z)\ . (3.10) 

Before substituting X,X in the action 13.9|l . it is useful to introduce new functions H and H defined as 



Hiz,z) 



F' - z'^F' 
1 — z^z^ 



H{z,z) 



F' - z^F' 
1 — z^zP' 



By definition, they satisfy 



a. = -z'H_ 



H 



~Z^H ; 



(3.11) 
(3.12) 



Finally, combining all this together, we get the following Lagrangian: 

L= —(l-z^z^){H^+Hi) f$2 -ImAlmB^ + — (1 - z^z^MH , -~H M (imA + lmB) 
16 ' ' V / 16 ' ' 

{H^, + H^g)iz - {z^z^H^s + z^i^H^,) - ^ (1 - zz) {zzH^^ + zzH^s) $+ 

- (1 + zz) {zzH,z - zzH^g) {lmA + ImB) + 

1 _* / 

-ye 2 i{l + zz){lmA + lmB) -4:i{zz- zz] 

Now one may eliminate the auxiliary fields 1mA, ImB by their equations of motion and get desired 
Lagrangian with four physical bosonic fields 



(3.13) 



1 + zz . 

L^M- -ZZ + 

1 — zz 



M^+N^ 






where 
and 



16M 

1 ~ 1 ~ zz — zz _* 11 + zz N _* ~ 
- z(M + iN)$i z(M - iN)$z + 2i- -^ e~ 2 y e" 2 $w. 

2 ^ ' 2 ^ ' (1 - zz)2 ^ 2 1 - zz M ^ 



(3.14) 



(3.15) 



$ = $-21og(l -zz). (3.16) 

One may check that this four-dimensional manifold is Ricci flat and, therefore, the sigma model (which 
possesses A^ = 8 supersymmetry after restoration of all fermionic terms) is a hyper-Kahler one. 
The action gets much simpler if one represents it in the Gibbons-Hawking form 

flJ^ + -Ay + Au\'^ 



S 



dt 



I 



(3.17) 



with the triplet of coordinates U ~ {u, u, w}, where the new coordinates u, u and v are defined as 



-*/2 



ze 



-*/2 



1 

V ~ — e 
2 



-$/2 



(3.18) 



1 — zz 1 — zz 

The function / and vector A = {A^, A^, A^} are related to previously introduced quantities as follows 

(l-zz)3 1 



f{u,u,v) = M(z, z) ■ 
Au{u,u,v) — ?M(z,z) 



Au{u,u,v) = iM{z,z)u 



1 + zz 4u2 ' 
(1 — zz)^ u 
1 + zz 8w'^ ' 
(1 — zz)'^ u 



1 + zz 8w3 ' 



Ay{u,u,v) = N(z, z) (1 — zz)^ 



1 

2^ 



(3.19) 



Being written in terms of u, u and v only (using (|;-{.18(l '). the scalar / and vector A satisfy the conditions 
for the metric to be of the Gibbons-Hawking type 20 : 

A/ = 0, VxA = V/. (3.20) 

Finally, it is instructive to present the simplest example of the Lagrangian (|3.14|) which corresponds 
to the choice 

n^) = Y, ^(^") = y- (3-21) 



g$ +16 Ai-(xx-xx)e 2+-- e"* 

9 9 4.g . 



In this case the action is simplified drastically, and it reads 

5"= -2 ( dt 
with the metric g being 

Here we have 



(3.22) 

g=\ll-Axx. (3.23) 

(3.24) 



1 + zz 1 + zz 

and 

$==$ + 41og(l + zz). (3.25) 

It is interesting to note that, with the choice H3.21|l . the action for the LCM H2.17|l is a sum of free actions 
for four bosonic fields, whereas in the case of the NCM we still have a non-trivial hyper-Kahler sigma 
model. 

4 Conclusion 

In the present paper we demonstrated that in iV = 8 supersymmetric mechanics with linear and nonlinear 
chiral supermultiplets one may dualize two auxiliary fields into physical ones, in such a way that the 
bosonic manifold will be a hyper-Kahler one. The key point of our construction is about different 
dualizations of the auxiliary components. One auxiliary field is turned into a physical one in the standard 
way, through its replacement by the total time derivative of some physical field. The other auxiliary field, 
which obeys the condition dt{lmA + ImB) = 0, is dualized through a Lagrange multiplier. We clarified 
this choice of dualization by the illustrating the analogy with the three-dimensional case. 

The main difference of our procedure from the A^ = 4 case ^U] is its on-shcll nature. We essentially 
used the equations of motion and constraints for auxiliary components to turn them into physical ones. 
Our approach mimics the duality transformations between a gauge vector field and scalar in D = 3. The 
resulting supermultiplet is a (4, 8, 4) one, but it is still unclear whether it is on- or off-shell. So, the 
present result may be considered as a first, preliminary one in a full understanding of A^ = 8, D = 1 
supersymmetric sigma models with hyper-Kahler bosonic manifolds. In this respect it is desirable to 
perform a more detailed study of the dualization procedure in the case of iV = 8, d = 1 supersymmetry. 
Of course, by construction, the dualization will reproduce the restricted class of sigma models with 
properly constrained metrics of the bosonic manifold (it depends on a smaller number of physical fields 
and, therefore, it possesses some additional isometrics, as compared to the general case). Nevertheless, 
such dualization goes in a much simpler way than the standard construction of the most general sigma 
models. The main reason for this is that the unique way to have an interesting geometry in the bosonic 
target space is to use nonlinear supermultiplets. Now it is not clear how to systematically describe such 
supermultiplets in case of A^ = 8, rf = 1 supersymmetry. Thus, the dualization may shed light on the 
structure of such multiplets and the corresponding actions. In this respect it seems very interesting to 
understand what happens after dualization of one of the auxiliary component. The resulting off-shell 
supermultiplet contains three physical bosons, while the set of auxiliary components is subjected to the 
differential constraints. This is a new situation because the known treatments of a (3, 8, 5) supermultiplet 
[l^h, 18 did not contemplate such possibility. 

Another related question concerns the close analogy of our dualization procedure with (at least) three 
dimensional theories with gauge vector fields. Moreover, the constraints on the auxiliary components we 



deal with in the cases of the LCM and NCM look very similar to the situation with the four dimensional 
theory reduced to three dimensions, whereas the dualization we used exhibits common features with the 
c-map ^Hl ■ It seems natural to expect the persistence of this analogy along the line of the existence of 
new nonlinear supermultiplets in D = 3, as well as to establish tighter relations of our one-dimensional 
systems with their D = 4 counterparts (radial motion in spherically symmetric cases). 
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